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1. INTRODUCTION AND RESULTS
Let f  C → Ĉ be a transcendental meromorphic function and let f n n ∈
N , be the nth iterate of f . The set of normality, Nf , is deﬁned to be the
set of points, z ∈ C, such that the sequence f n is deﬁned and normal
in some neighborhood of z. Nf  is also called the Fatou set of f , and its
complement Jf  is the Julia set of f . Then
Jf  =
∞⋃
n=1
f−n∞
provided that f−2∞ contains at least three distinct points, and all of the
f nz are analytic on Nf . It is well known that Nf  is open and has the
property of complete invariance under f , that is, z ∈ Nf  if and only if
f z ∈ Nf . Let U be a component of Nf ; then f nU ⊆ Un, where Un
is a component of Nf . If, for a smallest integer p > 0 f pU ⊆ U , then
U is said to be a periodic component of period p. In particular, if p = 1,
then U is called invariant. If, for some integer n ≥ 1Un is a periodic, while
U is not periodic, then U is called preperiodic. If U is a periodic component
of period p and there exists a ∈ ∂U ∪ ∞ such that fpnz → a in U as
n→∞, and fpz is not deﬁned at z = a, then U is called a Baker domain.
Furthermore, let U0U1     Up−1 be a periodic cycle of Baker domains,
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and fpnz → aj for z ∈ Uj as n → ∞. Then there exists at least one
j ∈ 0 1     p − 1 such that aj = ∞ and Uj is unbounded (see [8]). If,
for n = mUn = Um, then U is called a wandering domain.
Throughout, we use the following standard notation:
mr f  = minf z  z = r
Baker [2] discussed the non-existence of unbounded components of the
Fatou set of a transcendental entire function f of small growth, raised
the question of whether every component of Nf  must be bounded if
f is of sufﬁciently small growth, and proved that every invariant compo-
nent of Nf  is bounded, provided that the growth of f does not exceed
order 12 , minimal type. Bhattacharyya [7] showed that Fz = cosε2z +
9
4π
21/2 0 < ε < 3π1/2, which has order 12 , type ε, has an invariant
unbounded component of NF. And Baker [2] noted that sin
√
z√
z
+ z + a
has an unbounded Baker domain when a is a sufﬁciently large positive
number.
In this note, we investigate the non-existence of unbounded components
of the Fatou set of transcendental meromorphic functions.
Theorem 1. Let f be a transcendental meromorphic function. If we have
lim
r→∞ sup
mr f 
r
= +∞ (1)
then the Fatou set, Nf , of f has no unbounded preperiodic or periodic
components.
In particular, f has no Baker domains.
In the ﬁnal section, we shall show by examples that (1) is the best possible
case, and we discuss the case that every component of Jf  is bounded.
We assume that the reader is familiar with Nevanlinna theory of mero-
morphic functions and some of its standard notations, such as Nevanlinna
characteristic T r f  and deﬁciency, δ∞ f , of f at ∞ (see [11]). For any
transcendental meromorphic function f , we have
lim
r→∞
T r f 
log r
= +∞ (2)
It was proved by Ostrowskii [14] that for any transcendental meromorphic
function f with order ρ < 1/2 and δ = δ∞ f  > 1− cos πρ, the inequality
logmr f  > πρ
sinπρ
cosπρ− 1+ δ− εT r f  (3)
holds for an unbounded sequence of r, where ε > 0 is such that cosπρ −
1 + δ − ε > 0. It follows from (2) and (3) that for any positive integer q,
we have
lim
r→∞ sup
mr f 
rq
= +∞ (4)
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Combining Theorem 1, we can immediately deduce the following.
Corollary. Let f be a transcendental meromorphic function with order
ρ < 1/2. Assume δ∞ f  > 1 − cos πρ. Then every preperiodic or periodic
component of Nf  is bounded.
In particular, f has no Baker domains.
For any component of Nf  in which ∞ is not a limit function under
iteration of f , we further have the following.
Theorem 2. Let f be a transcendental meromorphic function, such that,
for an unbounded sequence of r,
mr f  > r (5)
Let U be a component of Nf . If there exists a point z0 in U such that
f nz0 is bounded, then U must be bounded.
In the ﬁnal section, we shall show by an example that (5) is the best
possible case.
Remarks. (I) The corollary is also true for transcendental entire func-
tions of growth not exceeding order 1/2, minimal type, since (4) also holds
for them.
(II) Theorems 1 and 2 were proved by Zheng [18] for entire functions
by using methods different from those in this paper. The methods in [18]
rely strongly on the maximum modulus principle of analytic functions and
so are not available in the discussion of meromorphic functions.
Finally, we investigate the non-existence of certain special unbounded
components of meromorphic functions under certain assumptions for
growth. An unbounded component of normality of entire functions must
be simply connected; however, this is not the case for a meromorphic func-
tion (see examples in Section 4). We proceed to our discussion by using
the Principle of the Hyperbolic Metric (see [19]).
Theorem 3. Let f z be a transcendental meromorphic function, such
that for a positive integer n and arbitrary large positive constant q,
lim
r→∞ sup
mr f n
rq
= ∞ (6)
Then Nf  cannot contain any angular domains originating from a point in
Nf .
We shall give the proofs of Theorems 1 and 2 in Section 3 and of Theo-
rem 3 in Section 2 and make some remarks in Section 4.
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2. PROOF OF THEOREM 3
We ﬁrst recall the basic knowledge about the hyperbolic metric on a plane
hyperbolic domain, that is, the domain whose complement with respect to
Ĉ contains at least three points. Over any hyperbolic domain the hyperbolic
metric exists. We denote by λz the hyperbolic density for the hyperbolic
domain  and by ρz0 z1 the hyperbolic distance between z0 and z1 in
. It is well known that for the upper half plane H = Imw > 0, we
have
λHw =
1
2Imw and sinh
2ρHww0 =
w −w02
4ImwImw0
 (7)
The Principle of the Hyperbolic Metric (see [1] and [13]) says the following:
let hz be analytic in H with hH ⊂ . Then
λhzh′z ≤ λHz for z ∈ H
and for z z0 ∈ H,
ρhz hz0 ≤ ρHz z0
with equality if and only if h is a covering mapping of  from H.
Now we are in a position to prove Theorem 3. Suppose that there exists
an angular domain Dz0 θ δ  = z   argz − z0 − θ < δ in Nf . By
simple calculation, we know that the transformation
w = T z = e−iθ−δz − z0π/2δ
conformally maps Dz0 θ δ onto H. It follows from (7) that for a ﬁxed
point z1 ∈ Dz0 θ δ, we have
sinh2ρDz0θδz z1 = sinh2ρHT z T z1
≤ C0zπ/2δ + 1 argz − z0 = θ (8)
where C0 is a positive constant and is independent of z.
It follows from Theorem 1 that the component of Nf  containing
Dz0 θ δ must be wandering, and hence
f n Dz0 θ δ → C\Dz0 θ δ =  say
By the Principle of the Hyperbolic Metric, we have
ρf nz f nz1 ≤ ρDz0θδz z1 z ∈ Dz0 θ δ (9)
Since  is simply connected, by the Koebe 14 Theorem, we can prove that
λzz − z0 ≥ 14  z ∈ 
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Therefore, for z ∈ Dz0 θ δ, we have
ρf nz f nz1 = inf
γ
∫
γ
λzdz
≥ inf
γ
∫
γ
1
4z + z0
dz
≥ 1
4
log
f nz + z0
f nz1 + z0
 (10)
where the inﬁmum is taken over all curves γ connecting f nz and f nz1
in . Since sinh2 x > 14e
2x − 12 , by combining (8), (9), and (10), we have
f nz ≤ C1zπ/δ + 1 argz − z0 = θ
where C1 is a positive constant and is independent of z. This contradicts
(6).
Theorem 3 follows.
3. PROOFS OF THEOREMS 1 AND 2
In the proofs of Theorems 1 and 2, we need the following result, which
is of independent interest.
Lemma 1. Let U be a Siegel disk or a Herman ring of a transcendental
meromorphic function f . Then there exists a sequence nk of positive integers
such that nk →∞ and f nkz → z for z ∈ U as k→∞.
Lemma 1 was proved by Baker [2, Theorem 5] for the case of the
entire function; however, we cannot deduce Lemma 1 directly by using
[2, Theorem 4], for we cannot guarantee that f n is analytic on U . Let U be
of period p. We can ﬁnd a domain V such that fpV  = V and V ⊂ U , for
U is conformally equivalent to the unit disk or an annulus. Then since fp
is analytic on V , by [2, Theorem 4], we have a sequence nk of positive
integers such that nk →∞ and
f nkz → z for z ∈ V as k→∞ (11)
and furthermore, we have (11) in U , for f nkz is normal in U .
We begin by proving Theorem 2.
Proof of Theorem 2. Suppose that U is an unbounded component of
Nf . There exists a positive number B such that for all n ≥ 0 f nz0 < B.
We can choose R > B such that
f z ≥ mR f  > R on )  z = R (12)
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We draw in U a Jordan arc γ connecting z0 and a point in z = R ∩ U
such that γ ⊂ z ≤ R. It is easy to see from (12) that f γ has points
in z < B and in R < z, and hence f γ intersects z = R, and,
furthermore, f 2γ has points in z < B and in R < z. Thus, by
induction, we have proved that for all n ≥ 0 f nγ has points in z < B
and in R < z; there exists zn+1 ∈ γ such that f nzn+1 = R; and from
(12) we have
f n+1zn+1 ≥ mR f  > R (13)
Since the diameter of f nγ is at least R− B > 0 f nz has no constant
limits in U , as n→∞; that is, U must be a preimage of a Siegel disk or a
Herman ring. We can further assume that U is a Siegel disk or a Herman
ring, since for n > 0 f nU is still unbounded. Therefore it follows from
Lemma 1 that there exists nk such that nk → ∞ and f nkz → z in
U . Since mR f  > R, we can choose a sufﬁciently small positive number
ε such that d = mR f /R − ε > 1, and mR f  = d + εR. Then, for
sufﬁciently large nk f nkz < dz on γ. This derives a contradiction, since
from (13) we have
mR f  ≤ f nkznk < dznk  ≤ dR < mR f 
Theorem 2 follows.
To prove Theorem 1, we generalize Baker [3, Corollary] and [8,
Lemma 7]. To this end, we need the results from [9, Theorem 1.2 and
Lemma 2.1].
Lemma 2. Let f  U → U map the hyperbolic domain U ⊂ C analytically
without ﬁxed points and without isolated boundary points into itself. If z0 ∈ U
is an arbitrary point, then there exists a constant c0 > 0 depending on z0 and
f but not on n with
c0 ≤ λUf nz0δUf nz0 ≤ 1 n ∈ N (14)
where δUa is the Euclidean distance from a to the boundary of U .
Throughout we denote byDUz0M the hyperbolic disk in U with center
z0 and hyperbolic radius M with respect to U .
Lemma 3. Let c0 andM be positive constants. Then there exists a constant
c > 0 depending on c0 and M such that the following holds: if U ⊂ C is a
hyperbolic domain and for z0 ∈ UλUz0δUz0 ≥ c0, then
c ≤ λUzδUz z ∈ DUz0M (15)
By combining Lemma 2 with Lemma 3, we establish the following result,
which is of independent interest.
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Lemma 4. Let the assumptions of Lemma 2 hold. Then for any compact
subset K of U , there exists a constant M > 1 only depending on K and f z
such that for any a ∈ ∂U and z z′ ∈ K, we have
M−1f nz′ − a ≤ f nz − a ≤Mf nz′ − a n ∈ N (16)
If, in addition, for a point z0 ∈ U f nz0 → ∞n → ∞, then f nz →
∞n→∞ uniformly on any compact subset of U , and for M0 > M and all
sufﬁciently large n, we have
M−10 f nz′ ≤ f nz ≤M0f nz′ (17)
and there exists a curve γ ⊂ U tending to ∞ and a positive constant L > 1
such that f γ ⊂ γ and
1
L
z ≤ f z ≤ Lz z ∈ γ (18)
Proof. Take a point z0 ∈ K, and from Lemma 2 we have c0 > 0 such that
(14) holds. Since K is a compact subset of U , there exists a constant M > 0
such that K ⊂ DUz0M = D (say). By the Principle of the Hyperbolic
Metric, for each n we have
ρUf nz0 f nz ≤ ρUz0 z < M z ∈ D (19)
so that f nK ⊂ f nD ⊂ DUf nz0M = Dn (say). Applying Lemma 3
to (14) implies the existence of a constant c > 0, only depending on c0 and
M , such that for each n,
λUzδUz ≥ c z ∈ Dn (20)
For z z′ ∈ K, put
ρUz z′D = inf
α
∫
α
λUwdw
where the inﬁmum is taken over all piecewise smooth paths α in D =
DUz0M connecting z and z′. From the Principle of the Hyperbolic Met-
ric, it follows that
ρUz z′D ≥ ρUf nz f nz′ f nD
= inf
β
∫
β
λUwdw
≥ c inf
β
∫
β
dw
δUw
≥ c inf
β
∣∣∣∣∫
β
dw − a
w − a
∣∣∣∣
= c
∣∣∣∣log f nz − af nz′ − a
∣∣∣∣  (21)
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where the inﬁmum is taken over all piecewise smooth paths β in f nD
connecting f nz and f nz′. Put
M˜ = supρUz z′D z z′ ∈ D M = expM˜/c
M is a ﬁnite positive constant, since D is relatively compact in U . Then
(16) follows from (21). Under the additional assumption, we easily deduce
from (16) the result that f nz → ∞n → ∞ uniformly on any compact
subset of U and (17).
Now we want to construct the γ ⊂ U such that (18) holds. Take a point z0
in U and draw a curve σ in U connecting z0 with f z0. Put K = σ ∪ f σ;
it is a compact subset of U . From (17) we have
f nz′ ≤M0f nz z z′ ∈ K n ≥ n0 (22)
For any z ∈ ⋃∞n=n0 f nσ, we have m≥n0 and w ∈ σ such that z = fmw;
then applying (22) to w f w ∈ K gives
f z = fm+1w = fmf w ≤M0fmw =M0z
Put γ = ⋃∞n=n0 f nσ. It is obvious that f γ ⊂ γ and (18) holds with
L =M0.
Proof of Theorem 1. Suppose that there exists an unbounded preperi-
odic or periodic component U of Nf . Then by (1), f U is unbounded,
and hence, by induction, f nU is unbounded for each n ≥ 1. So we may
assume with no loss of generality that U is periodic of period p, that is,
fpU ⊆ U . It follows from Theorem 2 and the classiﬁcation of periodic
components that U must be a Baker domain of period p. We assume with
no loss of generality that, in U f npz → ∞ as n → ∞. Then application
of Lemma 4 to fp U → U shows the existence of a curve γ ⊂ U tending
to ∞ and a positive number L > 1 such that fpγ ⊂ γ and
fpz ≤ Lz z ∈ γ (23)
Given a ﬁxed point a ∈ γ and a constant K > L > 1, we choose a positive
constant R such that
f z≥mRf >KR on z=R and f ja<R 0≤ j≤p (24)
Let γ0 be the part of γ from a to the ﬁrst intersecting point of γ and
z = R such that γ0 ⊂ z ≤ R. By the same argument as in the proof
of Theorem 2, we can prove that fp−1γ0 intersects z = R, that is, there
exists α ∈ γ0 such that fp−1α = R. Therefore it follows from (24) and
(23) that
KR < mR f  ≤ fpα ≤ Lα ≤ LR
This is impossible, since K > L.
Theorem 1 follows.
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4. REMARKS
In this section, we make some remarks on the previous discussion.
(A) Theorems 1 and 2 are still true for an unbounded angular
domain. Let A be an unbounded angular domain and let f be meromor-
phic in the complex plane. Deﬁne
mrA f  = minf z z ∈ A and z = r
If (1) holds with mrA f  replacing mr f , then every member of any
cycle of periodic domains in A is bounded; in particular, there exist no
cycles of Baker domains in A.
In Theorem 1, we can also consider the contour of a square with two
boundaries parallel to the x axis and y axis instead of the circumference.
Let Qr be the contour of the square −r r × −r r and deﬁne
msr f  = minf z z ∈ Qr
If (1) holds with msr f  replacing mr f , then f has only bounded prepe-
riodic or periodic components of the Fatou set.
Theorem 2 still holds with (5) replaced by msr f  >
√
2r.
(B) It is well known that for a transcendental entire function f , if it
has an unbounded Fatou component, then it must have an unbounded Julia
component. However, this result is not true for a transcendental meromor-
phic function, which is illustrated by Example 2 in the sequel.
Theorem 4. Let f z be a transcendental meromorphic function with at
most ﬁnitely many poles. Then every component of Jf  of f is bounded if and
only if we have a wandering domain U such that there exists a closed curve
γ in U such that f nγ is not null-homotopic in UnUn is the component
of Nf  containing f nU, and, in this case, no unbounded components of
Nf  of f exist.
Proof. First of all, assume that every component of Jf  of f is
bounded. We take a positive number R such that f is analytic in z ≥ R
and a closed curve γ in Nf  such that nγ 0 = 1 dist0 γ > 2R, where
nγ 0 is the winding number of γ with respect to 0 and dist0 γ denotes
the Euclidean distance from 0 to γ. By the same argument as in the
proof of Theorem F of [10], we can deduce that when dist0 γ is sufﬁ-
ciently large, there exists a point z0 ∈ γ such that f nz0 → ∞, as n→∞.
Assume that U is the component of Nf  containing γ. Then f nU →∞,
as n→∞. Since f is analytic in z ≥ R ∩ intγ, we have nf γ 0 = 0,
and by induction, nf nγ 0 = 0, so f nγ is not null-homotopic in Un.
Below we prove U is wandering. To this end, suppose that U is preperiodic
or periodic. Then we can assume without any loss of generality that U is a
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Baker domain. Thus from Theorem 1 in [12] there exist a simply connected
domain V in U and a positive integer p such that fpV  ⊂ V , and for
any compact subset K of U and sufﬁciently large m we have fmpK ⊂ V .
Thus we have fmpγ ⊂ V ⊂ U = Ump, and so fmpγ is null-homotopic
in Ump. We derive a contradiction. It follows that U is wandering.
Now we assume that U is wandering and such that f nγ is not null-
homotopic in Un. By the same argument as in the proof of Lemma 3.3 in
[15], we have that for any M > 0, there exist a positive integer LM and
a continuum )LM ⊂ fLMγ such that )LM ⊂ z z > M ∩Nf  and
n)LM 0 = 0. Hence Jf  has only bounded components.
It is well known that an unbounded component of Nf  of an entire func-
tion f must be simply connected. We raise a question whether there exists a
transcendental meromorphic function with ﬁnitely many poles which has an
unbounded multiply connected periodic domain. In fact, λ tan z 0 < λ < 1
has the Julia set in the real axis, which is a Cantor set, and its Fatou set
consists of an attracting basin. Below, we give an example of a transcenden-
tal meromorphic function with one pole which has a completely invariant
Baker domain of inﬁnite connectivity.
Example 1. f z = Kz + 2e2K + λK
z−1 + e−z λ = 002 and K ≥ 1, has a
Baker domain U of inﬁnite connectivity such that Nf  = U and
lim
r→+∞ sup
msr f 
r
≥ K (25)
Proof. Put H = z Re z > −2K and z − 1 > 01. For all z ∈ H, we
have
Ref z = KRe z + 2e2K +Re
(
e−z + λKz − 1
)
> −2K2 + 2e2K − e2K − 02K > 2
so that f H ⊂ H and H ⊂ Nf . Observe
f ′z = K − e−z − λKz − 12  (26)
When z − 1 < 01, we have
f ′z ≥ λKz − 12 −K − e
−z
> 2K −K − exp−1+ 01 > 0
and therefore all of the critical points of f z lie in D  = z z− 1 > 01.
When z ∈ D and f ′z = 0, from (26), we have
e−z ≤ K + 2K = 3K and Re z ≥ − log3K
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and therefore all of the critical points of f lie in H, and, furthermore,
singf−1 ⊂ H. Let U be the component containing H of Nf . Obviously,
U is multiply connected. Since U cannot be doubly connected (otherwise
U is a Herman ring; see [6]), we obtain that U is inﬁnitely connected.
Put
dx  =Kx+ 2e2K − λK +
√
2
2
e−x
Then dx decreases in x < −15K, and for x < −15Kdx > d−15K
> 8. Put
Hk  =
{
z −π
4
+ 2kπ < Im z < π
4
+ 2kπ Re z < −15K
}

k = 0±1±2    . For z ∈ Hk, we have
Re f z = KRe z + 2e2K +Re λK
z − 1 + e
−Re z cosIm z
≥ dRe z > 8
We deduce that f Hk ⊂ H and Hk ⊂ U . Note that H ∩Hk = .
Below we prove Nf  = U . Suppose that there exists in Ĉ\U a cycle
V1 V2     Vp of Baker domains of period p. Then Vj j = 1 2     p
lie in an angular domain Aε = z π2 + ε < argz − a < 3π2 − ε. Since
mrAε f 
r
→∞ r →+∞
by (A) we can derive a contradiction. Therefore Nf  has no periodic
domains other than U , for all of the critical points are in U .
Suppose that f is a wandering domain V . If V has a closed curve γ
which is not null-homotopic in it, then f nγ is not null-homotopic in Vn,
Vn is the component of Nf  containing f nV , for Vn does not contain
any singularities of the inverse of f . From Theorem 4, every component of
Nf  is bounded, so that we derive a contradiction. Therefore V and Vn
are simply connected. It follows from Theorem 1 of [17] that all of the limit
functions of f nV lie in the derived set of O+singf−1 ∪ ∞, and hence
f nV → ∞, as n → ∞. We choose a point z0 in V and R > 0 such that
Bz0 R ⊂ V , where Bz0 R = z z − z0 < R. Put Bn = f nBz0 R.
Since f n Bz0 R → Bn ⊂ Vn, by the Principle of the Hyperbolic Metric,
we have
λVnf nz0f n′z0 ≤
1
R

and noting that Vn is simply connected, we have
λVnf nz0δVnf nz0 ≥ 14 
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so that
f n′z0 ≤
4
R
δVnf nz0 <
8π
R

On the other hand, for Re f kz0 < −2Kk = 0 1 2     a simple calcu-
lation implies
f n′z0 > expnK → ∞ as n→∞
We derive a contradiction.
Now we prove that U is completely invariant. Take a point b ∈
H\singf−1 and an analytic branch gz of f−1 in some neighborhood of
b such that gb ∈ H. For any w ∈ f−1b\gb we can continue gz
from gb to w along a Jordan curve γw from b to b in C\singf−1. It is
obvious from singf−1 ⊂ U that γw is homotopic to a Jordan curve )w
from b to b in U\singf−1. Then g)w ⊂ Nf , for Nf  is completely
invariant, so that g)w ⊂ U , and w ∈ U . This implies that f−1b ⊂ U ,
and therefore U is completely invariant.
In one word, from the classiﬁcation of the components of Nf , we prove
Nf  = U .
Below for all sufﬁciently large n we estimate f z on Q2nπ. On the
segment z = 2nπ + iy y ≤ 2nπ, we have
f z > 2Knπ + 2e2K −
∣∣∣∣ λKz − 1
∣∣∣∣− e−2nπ > K2nπ
On the segment: z = −2nπ + iy y ≤ 2nπ , we have
f z > e2nπ −Kz − 2e2K −
∣∣∣∣ λKz − 1
∣∣∣∣ > K2nπ
On the segments z = x± 2nπi x ≤ 2nπ, we have
f z > Kx+ 2e2K + ex ± 2nKπi −
∣∣∣∣ λKz − 1
∣∣∣∣ > K2nπ − 1
Therefore
lim
n→+∞ sup
ms2nπ f 
2nπ
≥ K
From this (25) follows.
(C) We shall offer some examples to show that condition (1) in
Theorem 1 is the best possible.
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Example 2. For K > 1, f z = Kz + tanπz and gz = Kz +∑∞
j=1
z
jz+j have an unbounded Baker domain and Jf  is the real
axis and Jg is totally disconnected in the real axis. f and g respectively
satisfy, for n ≥ 5,
mn f  > Kn− 4
π
log4n and
(27)
mn+ 1/2 g > Kn− log2e2n3
Proof. By the result of [5], Jf  and Jg are in the real axis. Since the
distances between the neighboring poles of f are bounded, Jf  is the real
axis. Thus Nf  consists of two components, and it follows from K > 1 that
for all z ∈ Nf  f nz → ∞, as n→∞.
Below we prove that H = zRe z > 0 ⊂ Ng, and hence Jg = R
(the real axis), so that Jg is totally disconnected (see [5]). For all z ∈ H,
we have
Re gz = Kx+
∞∑
j=1
Re
(
z
jz + j
)
= Kx+
∞∑
j=1
z2 + jx
jz + j2 > Kx > 0
where x = Re z, and gH ⊂ H, so H ⊂ Ng.
Now we prove (27). Let hz =∑∞j=1 1/( 2j−12 2 − z2). When z = n ≥ 1,
we have
hz ≤
n∑
j=1
1
n2 − j − 1/22 +
∞∑
j=n+1
1
j − 1/22 − n2  (28)
Since
n∑
j=1
1
n2 − j − 1/22 ≤
∫ n−1/2
1/2
dx
n2 − x2 +
4
4n− 1
= 1
2n
log
n+ x
n− x
∣∣∣∣
n−1/2
1/2
+ 4
4n− 1
<
1
2n
log4n− 1 + 4
4n− 1
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and
∞∑
j=n+1
1
j − 1/22 − n2 ≤
∫ ∞
n+1/2
dx
x2 − n2 +
4
4n+ 1
= 1
2n
log
x− n
x+ n
∣∣∣∣
∞
n+1/2
+ 4
4n+ 1
= 1
2n
log4n+ 1 + 4
4n+ 1 
from (28) for n ≥ 5, we have
hz < 2
n
log4n
By noting f z = Kz + 2z
π
hz, we deduce the ﬁrst inequality of (27).
Let uz =∑∞j=1 1jz+j . For z = n+ 1/2 > 1, we have
uz ≤
n∑
j=1
1
jz − j +
∞∑
j=n+1
1
jj − z  (29)
Since xa− x is a quadric parabolic curve, we have
n∑
j=1
1
jz − j ≤ 2
∫ z/2
1
dx
xz − x =
2
z log
x
z − x
∣∣∣∣
z/2
1
= 2z logz − 1
A simple calculation implies that
∞∑
j=n+1
1
jj − z ≤
∫ ∞
n+1
dx
xx− z +
2
n+ 1
= 1z log2n +
2
n+ 1 
Thus we have
uz < 1z log2n +
2
z log n+
2
n+ 1 
By noting gz = Kz + zuz, we can deduce the second inequality of (27).
The following example corresponds to the corollary.
Example 3. For any 0 ≤ ε < 1, there exists a transcendental mero-
morphic function with growth order ε which has an unbounded periodic
component.
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Proof. When ε = 0, put
f z =
∞∏
n=1
(
1− z
n1/ε
)
ez/n
1/ε

and
gz = −f
′z
f z =
∞∑
n=1
(
1
n1/ε − z −
1
n1/ε
)

From Nevanlinna theory (see [11]), we have
T r g = 1
2π
∫ 2π
0
log+
∣∣∣∣f ′reiθf reiθ
∣∣∣∣ dθ+ ∫ r0 n
(
t
f ′
f
)
dt
t
=
∫ r
0
n
(
t
1
f
)
dt
t
+Olog r
∼ r
ε
ε
r →+∞
where nt ∗ denotes the number of the poles of the function ∗ in z < t.
Then g is of order ε. From Theorem 1 of [5], it follows that Jg lies in
the real axis, so g has an unbounded periodic component.
When ε = 0, instead we can get the desired result by considering
gz =
∞∑
n=1
(
1
en − z −
1
en
)

(D) We shall offer one example to show that the condition (5) in
Theorem 2 is the best possible.
Example 4. f z = z− 1
π
tanπz has an inﬁnite number of unbounded
attracting domains and is such that for n ≥ 5, we have
mn f  > n− 4π2 log4n (30)
Proof. (30) follows from (27). zk = k k = 0±1±2    are the zeros
of sinπz, and f z is the Newton function of sinπz, then all of the zk
are the superattracting ﬁx-points of f z. Let Ck be the attracting basin of
f z with respect to zk. Let Lk = z z = k+ iy k = 0±1±2    . Since
f k + iy = k + iy − 1
π
tanh y, we have f Lk ⊂ Lk and f nk + iy →
kn→+∞. This implies that Lk ⊂ Ck, that is, Ck is unbounded.
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